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Abstract
A crack in the vibrant structures can lead to premature failure if it is not identified in early stages. The failure rate increases as 
the crack growth increases due to the structure becomes weaker. Therefore, crack identification and type of crack is a key issue. 
The existence of cracks which influence the performance of structure as well as the vibration parameters such as; natural 
frequencies, mode shapes, stiffness and modal damping. Our current investigation is to model an inclined open edge crack in a
cantilever beam and analyze the model using a finite element package, as well as experimental approach. A finite element model 
has been developed in this paper to analyze the variation of modal parameters according to the location, size and inclination of a 
crack in the cantilever beam having inclined edge crack. The proposed method is based on measured frequencies and mode 
shapes of the beam. The experiments are also carried out using specimens having inclined edge cracks of different depths, 
positions and crack inclinations to validate the FEA results achieved.
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Nomenclature
L Length of the cantilever beam 
b Width of the cantilever beam
t Thickness of the cantilever beam
a Edge Crack depth
L1 Crack location from fixed end of the cantilever beam
ȕ Relative crack location 1( / )L L     
Į Relative crack depth ( / )a t 
ș Crack inclination angle
FNF First Natural Frequency
SNF Second Natural Frequency
TNF Third Natural Frequency
1. Introduction
Detection of cracks in dynamic structures like beams and components is an important issue for many researchers 
in recent years. Premature detection of cracks in engineering structure during their service period is the great 
challenge to the engineers because of its importance. Though dynamic based fault prognosis has been advanced for 
last three decades and there are many literatures, still there are so many problems avoid doing it from application. 
There are many techniques to solve the problem of a cracked beam such as numerical, analytical, semi-analytical, 
experimental etc. FEM (Finite Element Method) is a common method to obtain the stiffness matrix of the cracked 
beam element. All most all researchers are using vibration parameters like stiffness, natural frequencies, modal
damping values and mode shapes to determine the location and size of the crack in the structures. The natural 
frequencies decrease due to the existence of cracks because of decrease the stiffness and increase the damping of the 
beam. To avoid non-linearity, many investigators have been accepting their investigation works using open crack 
models where a crack remains open during vibration. 
Viola et al. [1] examined the variations in modal response and the magnitude of natural frequencies of a cracked 
uniform Timoshenko beam which subjected to axial load. They used different and appropriate method which based 
on the combination of line-spring element and dynamic stiffness matrix to design the cracked beam. Zheng and Ji [2] 
have calculated the natural frequencies with a variable stiffness distribution along the length of the cracked beam by 
using improved Rayleigh method. Mostafa Attar [3] has exemplified a new analytical method to determining both 
natural frequency and mode shapes of stepped beam having random number of transverse cracks and also calculating 
the general form of boundary conditions. This method helps to solve the inverse problem of calculating the crack 
location and crack depth of multiple cracks in the stepped beam. The results obtained from this method are in good 
agreement with both experimental and finite element methods. Maghsoodi et al. [4] have formulated a simple 
method for determining the location of cracks, size of cracks and number of cracks in a multi-stepped beam. They 
have used natural frequencies and mode shapes of uncracked beam for determine the above parameters. Zheng and 
Kessissoglou [5] have calculated the mode shapes and natural frequencies of cracked beam using finite element 
method. Here global additional flexibility matrix is used instead of local additional flexibility matrix to determine the 
total flexibility matrix of a cracked beam. Kisa and Gurel [6, 7] have used both finite element method and 
component mode synthesis method to analyze the modal analysis of multi-cracked beams. The main feature of this 
paper is that the mode shapes and natural frequencies of multi-cracked beam can be calculated by knowing two end 
conditions. Cheng et al. [8] have used p-version finite element method to determine the vibration parameters of 
cracked rotating tapered beam. They have taken fracture mechanics for calculating stiffness matrix of the crack 
elements and also have taken Lagrange equation for calculating p-version finite element model of beam. The mode 
shapes of the cracked beam are found from the spatial wavelet transform approach. Zhong and Oyadiji [9] have used 
a new method by the use of stationary wavelet transform (SWT) for relatively small crack identification of simply 
supported beams. This method is based on calculating the variation among two sets of detail coefficients found from 
two sets of mode shape data of the beam by the use of SWT. Xiang et al. [10] developed a hybrid damage 
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Fig.1. Representation of inclined crack in cantilever beam
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Fig.2. Schematic diagram of inclined edge crack cantilever beam
identification technique to identify positions and severities of damages over the surface of conical shell. Here 
damage position is identified from curvature mode shape using wavelet transform and damage severities are 
calculated using support vector machine (SVM). B. P. Nandwana and S. K. Maiti [11] have determined the crack 
location, crack depth and crack inclination by using FEM and experimental method.
The objective of this paper is to model the cantilever aluminum beam, having inclined open edge crack at various 
positions with various crack angle by taking Euler Bernoulli beam elements. The modeling and simulation of the 
crack has done by using commercial available FEA software ANSYS 12 [13] and calculate the crack position and 
crack depth from the calculated modal data. A number of experiments are taken to validate the crack model which 
helps to increase the accuracy and effectiveness of the model.
2. Design limitations
The continuous model of the beam has been discretized for simplification. According to B. P. Nandwana 
and S. K. Maiti [11], for inclined edge crack cantilever beams, / 12L b t , / 2a td and 45T d q , the difference 
in the two extreme locations is less than 4% of the beam length. The relative crack position range 0.1 0.75Ed d
from fixed end and relative edged crack depth range 0.1 0.5Dd d    are tested.
3. Theoretical Analysis
Above Fig. 1 and Fig. 2 represent inclined crack cantilever beam, subjected to axial load (P1) and bending 
moment (P2). The loading provides a coupling effect resulting in both longitudinal and transverse motion of the 
beam. The beam contains inclined crack having length ‘L’, maximum crack depth ‘a’, width ‘b’ and thickness ‘t’. 
Due to the crack present in the beam a local flexibility will be introduced and 2 2u    matrix is considered, which 
represent the flexibility of the beam.
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At the crack section strain energy release rate for plane strain can be explained as [12];
2
I1 2
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Q                                                                                           (1)
(Kl1) and (Kl2) are the stress intensity factors of mode I (opening of the crack) for load P1 and P2 respectively at the 
crack section. According to definition, the flexibility influence co-efficient ijC , at crack section will be,
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The inversion of compliance matrix will lead to the formation of local stiffness matrix and can be written as;
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4. Vibration analysis of inclined crack cantilever beam 
The beam with an inclined edge crack is fixed at left end, free at right end and it has a uniform structure having 
constant rectangular cross-section. The Euler–Bernoulli beam model was assumed. The crack is considered as an 
open crack and the damping has ignored in this study. The free bending vibration of an Euler-Bernoulli beam of a 
constant rectangular cross section (Fig. 1 and Fig. 2) is given by the following governing equation:
2 2
2
2 2 0
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dx dx
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¬ ¼
                                                                         (4)
Where ' 'Y is  displacement, ' 'A   is  the  cross-sectional  area, ' 'U   is  the  mass  density, ' 'f   is  natural  
frequency  of  the  vibration  of  the  beam, ' 'I   is  the  moment of inertia, ' 'E is  the  Young's modulus  of 
elasticity and  the  x-axis  is  aligned  with  the  axis  of  the  beam. The equations for the each part are given below:
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Here 4 2 4( )f AL EIO U and 1L LE  are non-dimensional parameters.
Solving eqs (5) and (6), we get displacements on each part of the beam
1 1 2 3 4( ) cos cos sin sinY A A A AE OE OE OE OE                                                (7)
2 5 6 7 8( ) cos cos sin sinY A A A AE OE OE OE OE                                                (8)
where A1 to A8 are  arbitrary  constants  to  be  calculated  from  the  boundary conditions. The boundary conditions 
at the fixed and free ends, respectively, are
1, 1 ,0, ' 0o oY YE E    ; 2 , 1 2 , 1'' 0, ''' 0Y YE E                                                           (9)
The  continuity  of  displacement,  bending moment  and  shear  forces  at  the  crack  location  (say 1L LE  )  
and  jump  condition  in  the  slope  can  be  written  in  the  following form:
1 2 1 2 1 2( ) ( ), ''( ) ''( ), '''( ) '''( ),Y Y Y Y Y YE E E E E E                                       (10)
5. Finite element analysis (FEA)
The finite element analysis is carried out using ANSYS 12 finite element program for modal analysis of the 
uncracked and inclined edge crack cantilever beam to determine the natural frequencies and corresponding mode 
shapes at different crack location, crack depth and crack inclination. Fig 3 shows the finite element mesh model of 
the beam and Fig. 4 shows a magnified view of three dimensional inclined open edge crack zone. 
The cracked beams of the present analysis have the following configurations. 
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Length of the Beam (L) = 800mm
Width of the beam (b) = 60mm
Thickness of the Beam (t) = 6mm
Relative crack depth (Į) = Varies from 0.1 to 0.5
Relative crack location (ȕ) = Varies from 0.1 to 0.75
The material properties are taken for analysis as given below.
Young's modulus of elasticity (E) = 70GPa
Poisson’s ratio (Ȟ) = 0.346
Density (ȡ) = 2710Kg/m3
The three natural frequencies and corresponding three mode shapes i.e. 1st, 2nd and 3rd mode are calculated by 
FEA using ANSYS version 12 as displayed in Fig. 5 (a, b, c).
6. Experimental analysis
The experiment on beam has been done for verify the FEA results. The aluminum cantilever beam specimen with 
dimensions (800mm x 60mm x 6 mm) with and without a crack is subjected to number of experimentation with the 
experimental set up shown in Fig.6 and Fig.7 for determining the natural frequencies and mode shapes.
An experimental set-up contains (1) Vibration Analyzer, (2) Accelerometer, (3) Vibration Indicator, (4) Vibration 
Exciter, (5) Power Amplifier, (6) Test Specimen-beam, (7) Power Distribution and (8) Function Generator are used 
Crack Zone
Crack ZoneCrack Zone
Fig.5. illustrates the mode shape variation of  (a) 1st, (b) 2nd and (c) 3rd mode cantiOHYHUEHDPZLWKFUDFNDWȕ Į DQGș 5°
respectively.
Fig.3. Finite element mesh model of the cracked beam
Cantilever end
Crack Zone
Details of Crack Zone
Fig.4. Magnified view at the crack zone
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Fig.8. First mode relative amplitude vs.
5HODWLYHORFDWLRQIURPFDQWLOHYHUHQGDWȕ 
Į DQG፽ = 35°
Fig.9. Magnified view of First mode relative 
amplitude vs. Relative location from cantilever end 
DWȕ Į 5 and ፽ = 35°
for performing the experiment as shown Fig.5 and Fig.6 in both the schematic diagram and complete assembly of 
experimental set-up respectively.
Before the experimental study the beams surface has been cleaned and organized for straightness. Subsequently, 
transverse inclined crack is created at different location from fixed end in different specimens with the help of Wire 
EDM and Instron machine. The natural frequencies corresponding to1st, 2nd and 3rd mode are noted with different 
crack depth at different crack locations and different crack inclinations in the cracked cantilever beam. The results 
obtained from experiment and FEA analysis are compared in the table (1) and table (2).
   
7. Results
The variation of amplitudes for three different modes is plotted w.r.t. location from fixed end at particular crack 
angle as shown in figures 8-13. It was distinguished that in first mode shape the amplitude decreases with increase in 
location from fixed end but in second and third mode shapes the amplitude increases with increase in location from 
fixed end at constant crack depth and constant crack inclination angle of the cracked cantilever beam. Moreover at 
particular location in the beam amplitude decreases with increase in crack depth in case of first mode shape, but 
amplitude increases with increase in crack depth in case of second and third mode shapes of the cracked beam at 
constant crack inclination angle.
Table1. Natural frequencies for un-cracked cantilever beam.
FEA EXPERIMENTAL % Error
FNF(Hz) SNF(Hz) TNF(Hz) FNF(Hz) SNF(Hz) TNF(Hz) FNF SNF TNF
7.7505 48.553 135.97 8.0217 50.256 141.13 3.499 3.507 3.795
Fig.7. View of complete assembly of the experimental 
set-up
Accelerometer
Vibration Exciter
Inclined crack
Vibration 
Analyzer
Vibration 
Indicator
Power 
Distribution
Function 
Generator
Power 
Amplification
Fig.6. Schematic Block Diagram of Experimental set-up
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         Table2. Comparison between FEA and experimental results of inclined edge crack in cantilever beams
Sl. No. ȕ Į FEA EXPERIMENTAL % ErrorFNF(Hz) SNF(Hz) TNF(Hz) FNF(Hz) SNF(Hz) TNF(Hz) FNF SNF TNF
&UDFNLQFOLQDWLRQș
1 0.25 0.30 7.7230 48.544 135.62 7.93 49.73 139.98 2.657 2.452 3.215
2 0.35 0.25 7.7386 48.498 135.70 7.98 49.93 140.10 3.124 2.953 3.241
3 0.40 0.35 7.7307 48.362 135.61 8.02 50.03 141.22 3.793 3.452 4.135
4 0.55 0.40 7.7411 48.176 135.79 7.95 49.36 140.19 2.725 2.452 3.237
5 0.70 0.50 7.7465 48.152 133.75 8.05 49.97 139.08 3.896 3.768 3.985
&UDFNLQFOLQDWLRQș
1 0.20 0.40 7.6925 48.542 135.68 7.82 49.59 138.41 1.687 2.153 2.015
2 0.35 0.30 7.7345 48.477 135.61 7.90 49.53 139.53 2.076 2.173 2.893
3 0.50 0.30 7.7438 48.379 135.96 8.02 50.31 142.17 3.578 3.983 4.564
4 0.60 0.40 7.7439 48.237 135.44 7.87 49.42 138.32 1.679 2.456 2.125
5 0.70 0.20 7.7498 48.505 135.71 8.08 50.44 141.72 4.215 3.995 4.425
&UDFNLQFOLQDWLRQș
1 0.20 0.10 7.7474 48.552 135.96 8.08 50.49 142.03 4.236 3.986 4.467
2 0.40 0.20 7.7451 48.502 135.87 8.01 50.48 141.52 3.473 4.081 4.162
3 0.50 0.15 7.7475 48.504 135.94 7.95 49.97 139.74 2.574 3.025 2.798
4 0.60 0.25 7.7476 48.435 135.77 8.07 50.50 141.22 4.165 4.258 4.012
5 0.70 0.30 7.7494 48.444 135.37 8.05 50.02 140.90 3.872 3.254 4.084
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8. Conclusion
x When the crack location and crack inclination are constant but the crack depth increases:
     The natural frequency of the cracked beam decreases with increase the crack depth. The amplitude at crack 
location decreases with increase the crack depth for each mode shapes.
x The crack depth and crack inclination are constant but crack location increases from cantilever end:
     When the crack location increases, the natural frequency also increases. At particular crack location of a beam, 
the amplitude is minimum w.r.t. other beams having different crack location.
x The crack inclination angles are valid up to 45 ° for examining the transverse vibration. The crack location in the 
cantilever beam can be projected for crack size of more than 10% of depth.
x It has also been seen from experimental examples that the determination of the crack location is more precise 
than the determination of the crack size.
x The error increases as the crack position from the fixed end or the crack inclination angle increases. The 
maximum error is predicted up to 5% of all the cases calculated. The values found from FEA are in good match 
with experimental values.  
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